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NOMENCLATURE 

integration constant ; 
exponential integral of order n ; 
distance between walls ; 
Hopfs function ; 
d~mensionfess heat flux, (heat ffux)/ 

e(Tf, - T;;); 
left wall, tight wall temperatures; 
distance measured from the left wall ; 
TJTL. 

volumetric absorption coefficient; 
coefftcient in the inner expansion ; 
dimensionless emissive power, [P(X) 

- cJ4?;," - CJ; 
inner, outer, and composite expansion 
for 0; 
Stef~-3olt~~n constant ; 
optieaf distance: 
optical thickness of the layer 

INTRODUCTfQN 

fr ts well known that when a gas is opticaffy thick, the radiant 
heat ffux is accurate& given by the Rossefand diffusion 
approximation. This approximation, however, is invalid 
close to a wall. A temperature-jump wall-boundary con- 
dition is usually used to improve the approximation. 
Deissfer [f] (also see [2]) obtains a second-order jump 
condition by means of a Taylor series expansion for the 
emissive power. As Heaslet and Warming [3, 43 noted, 
however, the emissive power (or tem~rature} is non- 
analytic cfose to the waff. Consequently, a jump condition 
based on such an expansion is open to question. 

The purpose of this note is to examine by the method of 
matched asymptotic expansions (MAE) the radiant transfer 
in an optically thick absorbing and emitting grey gas 
situated between paraflef, black, diffusefy~mitt~ng wails. 
It is not necessary to consider more general waff conditions, 
since the problem for such conditions has been shown 
[S, 6} to reduce to the case studied here. We further assume 
that the gas is motionfess, that focal thermodynamic 

equilibrium prevails, and that heat conduction can be 
ignored. These assumptions, which are now fairly standard, 
are introduced in order to simplify the mathematics without 
losing, for onr purposes, any essential physical features. 

We shall show that when the gas is optically thick there 
is a thm radiative layer adjacent to each wall, analogous 
to a Knudsen layer in kinetic theory. The solution l’or this 
radiative layer in nonanalytic, and the aforementioned 
Taylor series expansion is, in fact, not valid in it. We shall 
also show a close connection between the solution for this 
layer and that for the restricted Mifne problem of astro- 
physics for grey gas f7]. 

Previous a~pi~cations of MAE apparently have been 
limited to problems involving both heat conduction and 
radiation, as in f2, 8, 91. The presence of heat conduction 
introduces additional parameters, thereby masking the 
radiative wall layer. Furthermore, problems involving 
radiative energy transport, with or without other energy 
transport mechanism, frequently make use of the exponen- 
tiaf kemef approximation (or the d~~e~nt~al or Mifne- 
Eddington approximations). We wiff show that once such 
an approximation is made the radiative layer disappears, 

FORMULATION 
We consider two waffs separated by 

dimensjonf~s optical distance r is 

T(X) = j-a@,) d?r,, 
0 

a distance t. The 

(1) 

where the distance x is measured perpendicular to the left 
wall and e is the volumetric absorption coefficient. The 
opticaf thickness of the fayer is r& = r(L). Our object is to 
find a uniformly valid sofution, when T, is large, for the non- 
dimensional emissive power 8 and heat flux Q. The basic 
equations are [3] 

* This work was performed under Air Force Contract 
FO4695-67-C-0158. 
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@b) = f&W + f 7 @b,) &(I 5 - ~11) dz,, (3) 
0 

the wall layers (see [13] for properties of the E, functions). 
The Es function in the integrand is also exponentially small, 
except in the vicinity of z = z,, where it peaks sharply. Hence. 
the integral may be approximated by 

where Q is a constant and equation (3) is obtained by 
differentiating (2) with respect to 7. (See Nomenclature for all 
definitions.) The problem can also be formulated in terms 

of the differential transport equation for the intensity [9] 1 

The foregoing integral equation formulation, however. is 
advantageous since it involves only the quantities of 

F 
s 

E,(T,Jz - z, I)dz, 

primary engineering interest. Furthermore, it is easy to 0 

apply the method of MAE to equations (2) and (3)” and the 
resulting solution is quite simple 

Both 0 and Q depend on 7L, the only parameter in the 

dimensionless problem. We also make use of the properties, 

first shown by Meghreblian [lo], that @fr,/2) = i and 

that 0 - f is antisymmetric about 7 = a!2 Note that if a 
is assumed constant, the subsequent analysis is somewhat 
simplified [I I] 

d2@‘0’ 

= $(i - {EI(~L~) + g4[7~(1 - z)]))~ (5) 

and the terms within the braces in (5) are exponentially small, 
[Some care must be exercised when applying the foregoing 
approximation. For example, it cannot be directly applied 
to equation (2) due to the difference in sign of the two 
integrals.] We conclude, therefore, that the equation for the 
complete outer expansion is given by 

OUTER EXPANSION 

We refer to the region between the walls, exclusive of the 
thin thermal wall layers, as the outer region. In this region, 
8 and z( = 7.7L) are of order unity. We here refer to an ex- 
pansion as complete if it differs from its exact value by at most 
exponentially small terms. Let @“‘(z; 7L) be the complete 
outer asymptotic expansion of 8 for large 7L, i.e. 8 and 
@Or differ in the outer region by at most exponentially 
small terms. We assume @Or to be analytic for 0 d z < 1, 

even though it is not necessarily a valid representation for 

8 in the vicinity of the walls. This situation is directly 
analogous to boundary-layer theory [12]. The most direct 
way to obtain an equation for @(Or is to replace 8 in (3) by 
@co) and then to integrate this equation repeatedly by parts. 
The difference 8 - @O) is of order 7F1 near the walls, as 
can be deduced from results shown below. The kernel in 
(3), however, is exponentially small in these regions, and 
thereforethe useof8(0)in(3)introducesonlyanexponentially 
small error. After two integrations, for example, we obtain 

d2@‘0’ 

- = 0. 
dzz 

Further integration by parts of (4) coupled with the fore- 
going reasoning, confirms (6). The solution of(6) is 

@‘O’(z) = 4 - fA + AZ, (7) 

where @‘O’(f) = f determines one integration constant. and 
A depends on rL in some still undetermined manner 

Normally, 8”’ would be written as Or’(-_) + R,(?r,l 
x 8\“(z) + , but this procedure is not necessary here 
Since (7) is the complete outer expansion, it equals the 
“inner expansion of the outer one” ([ 121, p. 92), designated 
by [@(o)](i). With 8 co) = [@(o)](‘), the inner expansion is 
then a composite, uniformly valid in both the inner and 
outer regions. This fact simplifies our treatment of the inner 
expansion, since the use of a composite inside the integrals 
is less questionable than the use of a possibly nonuniformly 
valid inner expansion. 

7,[8’0’(0) - 1]E,(7Lz) + 7,0’o’(l)E,[r,(l - z)] 
INNER EXPANSION 

d@“‘(O) d@“‘(l) 
- 7 E,(7LZ) + ---tg- E,[7L(l - 41 

1 

s 

dz@‘o’ 
= -E&7, 

dz: 
.Iz - zil)dz,, (4) 

0 

Without loss of generality, we consider only the layer 
adjacent to the left wall. In this inner region, 8 and the 
optical thickness 7 are of order unity, and Q is known to be 
small. With this in mind, we see that equation (2) consists of 
terms of order unity, such as 2E,(r), and terms of the same 
order as Q. A two term inner expansion* 

where p has been replaced by the outer variable z and 
I!#‘)( 1) = @O’ (z = 1 ; 7‘), etc. When 7, is large, the terms 
on the left-hand side are exponentially small outside of 

@‘(7 ; 7L) = @t’(7) + A,(7L)8’i’(7) L (8) 

is thus adequate, where A, is of the same order as Q. We 

introduce (8) into (2) and then let 7L + co (this produces at 

* To the author’s knowledge, this note represents the 
first application of the method of MAE to the integral ^_.. 
equations ot radiative transter. to match the inner and outer expansions. 

* For purposes of clarity, we refer to @tiJ as the inner 
expansion rather than a composite one, since we still have 

(6) 
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most an exponentially small error) to obtain 

E,(r) = - j@‘d’(z,)E,(r - r,)dr, + s” @'(T,) 

@(C, = q(m) - q(r) + drr. - 7) + TL - 7 

29(m) + TL 
(13) 

0 
It should be noted that Q and 0”’ are not only uniformly 

r 

x &(r, - r) dr,, (9a) 
valid but are also complete in the sense defined earlier. These 
quantities can be further improved only by the inclusion 

1 = - i 63&J E,(r - zl) dt, + f @‘(r,) 

of exponentially small terms. 
Equations (1 lb) and (12b) are identical to equations (53a) 

0 7 and (56), respectively, in [3], which are based on expansions 
x &(r, - r)dr,, (9b) of the X and Yfunctions of Chandrasekhar. This agreement _ _ 

provided we set d,(r,) = -Q/2. The solution for (9a) is 
is a further demonstration of the excellent results obtainable 

readily shown to be @S'(T) = 1. Equation (9b) is Milne’s 
by the method of MAE, which is frequently simpler than 

second integral equation ([7], p. 35 with F = 2). The exact 
other methods. Equation (13) is identical to equation (A20) 

solution is ([7], p. 138) 
in [4], which is obtained by Case‘s method [14] of normal 

mode expansion. Heaslet and Warming L3j give exact 
81"(T) = $[T + q(r)], numerical values for 8, with 5,. = 10, in their Fig. 2. Values 

where q(7) is HopTs function, which is tabulated to six 
significant figures in Table XXX111 of [7]. For later use we 
note that q(0) = 3-* = 0.577351 and q(m) = 0.710447. By 
combining the foregoing, we have the inner expansion 

@i’ = 1 - $Q[T + q(r)], 

where the nonanalytic behaviour of @) is contained in 
q(7). For large r, q(s) = q(m) + exponentially small terms 
([7], p. 198), and hence @’ is the complete left-wall inner 
expansion. 

RESULTS AND DISCUSSION 

Instead of the usual procedure of matching the inner and 
outer expansions term by term when they are written as 
series in inverse powers of e, it is a simple matter to match 
equations (7) and (10) directly. To do this, we replace .z 
by T/T~ in (7) and set q(s) = q(nc1) in (10) and compare the 
resulting equations. We thereby obtain 

of 6Jcc’ calculated by (13) fall exactly on this curve. 
A comparison of Q and @) with equation (26) and Table 

2 in [4] show that our asymptotic results are rather accurate 
even for small rL. For example, equation (11 b) gives 0.94 for 

Q when vL = 0 as compared with an exact value 01 unity. 
This agreement occurs only for the plane parallel layer and 
is thus fortuitous. A recently completed study by the author 
of the radiative heat transfer between concentric spheres 
demonstrates that our asymptotic method is generally valid 
only when rL P 1, as would be expected. 

The Milnc Eddington approximation ([7]. p. 88) corrc- 

sponds to q(r) = f. With this values for q(T), equations (11 b) 
and (12b) become identical to Deissler’s [1] results. This 
approximation is excellent for Q since $q(co) differs only 
slightly from unity. The emissive power slip, however, is 
poorly given as previously noted in [3]. The approximation. 
q(r) = constant, not only neglects the nonanalytic behavior 
of 8 near the wall but also removes the distinction between 
the inner and outer regions, since both expansions are then 
linear in r. The fact that approximations, e.g. Milne- 

A=- =L 
2q(co) + TL’ 

Eddington, on the whole give adequate results is due to the 

(lla) relatively small variation in q(z), which increase mono- 
tonically from q(0) to q(m). 

Q= ’ 
49(W) + 2TL 

(lib) 
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follows : 

@I = 1 - 7 + q(7) 

29(c0)+ TV' 

1 - @@)(O) = 
4(O) 

&(co) + 5,‘ 

2. 

(12b) 3 

By means of the antisymmetry property of 8, a composite 
8 valid for all r is readily shown to be 4. 
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